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I. INTRODUCTION2
In 1972 the first author proved the following theorem:
Theorem 1 [Be, Corollary 2.1]. Each permutation in the alternating
group An , n2, is a product of two l-cycles in Sn if and only if either w 3n4 x
ln or n=4 and l=2.
Note. Theorem 1 implies that when n=4 every even permutation is a
product of two l-cycles if and only if 2l4.
The aim of the present paper is to extend this result to three and four
l-cycles. Our main results are Theorems 2 and 3:
Theorem 2. Each permutation in An , n1, is a product of three l-cycles
in Sn if and only if l is odd and either W n2Xln or n=7 and l=3.
Theorem 3. Each permutation in An , n2, is a product of four l-cycles
in Sn if and only if :
(1) W 3n8 Xln if n1 (mod 8);
(2) w 3n8 xln if n#1, 0 (mod 8);
(3) n=6 and l=2.
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Note. Theorem 2 implies that when n=7 every even permutation is a
product of three l-cycles if and only if l=3, 5 or 7. Theorem 3 implies that
when n=6 every even permutation is a product of four l-cycles if and only
if 2l6.
Based on these results, we wish to state a conjecture. For k2 let
F(k, n) :=f be the minimal integer such that
An=[ f, 1n& f ]k.
Conjecture. For k2,
}F(k, n)&3n2k }2+=(k)
where
=(k)={0 if k is even1 if k is odd.
The bound 2+=(k) can be approximated arbitrarily closely, for example,
when k is very large with respect to n, because then
F(k, n)={2 if k is even3 if k is odd,
while
F(k, n)&
3n
2k
rF(k, n).
It follows from Proposition 15, which will be proved in our last Section V,
that for n4 and k2
An=[l, 1n&l]k
if and only if
fln
with l odd if k is odd.
II. PRELIMINARIES
Let 0 denote the set [1, 2, ..., n] and Sn the symmetric group of all
permutations of 0. The alternating group of all even permutations of 0
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will be denoted by An . If D # Sn , then Supp(D), the support of D, is the set
[i # 0 | D(i){i]. Every permutation D # Sn can be decomposed into a
product of disjoint cycles, including the trivial 1-cycles. This disjoint cycle
decomposition of D (denoted by d.c.d(D)) is unique, except for a cyclic shift
within the cycles and the order in which the cycles are written. Products
(i.e., compositions) of permutations will be executed from right to left. The
identity permutation is denoted by 1. A cycle (i1 , i2 , ..., il) is said to have
length l, or to be an l-cycle.
Let d.c.d(D)=E1E2 } } } Ec*(D) } } } Ec(D) , where d.c.d(D) has c(D) disjoint
cycles including 1-cycles, and c*(D) non-trivial cycles, written first. Define
r(D) := :
c(D)
i=1
(ei&1),
where ei is the length of the cycle Ei (so ei2 iff ic*(D)). Clearly
r(D)=n&c(D)=|Supp(D)|&c*(D). (1)
If am is the number of m-cycles (i.e., cycles of length m) in the d.c.d(D),
1mn, then n=k1 2ka2k+k0 (2k+1) a2k+1 . Thus c(D)=k1 a2k
+k0 a2k+1 and hence
r(D)= :
k1
(2k&1) a2k+ :
k0
2ka2k+1 # :
k1
a2k (mod 2).
It follows that r(D) is even if and only if D # An . Now
|Supp(D)|+c*(D)=r(D)+2c*(D)
and
n+c(D)=r(D)+2c(D).
Consequently |Supp(D)|+c*(D) and n+c(D) are even if and only if D # An .
Let D # An and define
e(D) :=
|Supp(D)|+c*(D)
2
.
Then e(D) is an integer satisfying
e(D)\n+
n
2
2 =\3n4  . (2)
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We say that D # Sn belongs to the conjugacy class [D]=[1a1, 2a2, 3a3, ..., nan ],
where  iai=n. It is well known that the distinct conjugacy classes in Sn are
determined by the partitions of n in this way. The conjugacy class of l-cycles
is, of course, [l, 1n&l]. If K denotes a conjugacy class in Sn , then r(K) :=r(D)
for any D # K. When K1 , K2 , K3 , ..., Km are conjugacy classes in Sn , >m1 Ki
denotes the set of all permutations in Sn which are a product P1P2P3 } } } Pm
where Pi # Ki .
Note. In this paper [D] denotes the conjugacy class of D in Sn even
if D # An .
If x is a real number, we denote by WxX the integer n which satisfies:
xn<x+1, and by wxx the integer n satisfying x&1<nx.
Our proofs rely strongly on the following result of R. Ree [Re]:
Theorem 4 (Ree’s Theorem). Suppose that Di # Sn for 1ik and
D1 D2 } } } Dk=1.
If T denotes the number of orbits of the group (D1 , D2 , ..., Dk) generated
by the Di , then
:
k
i=1
r(Di)2(n&T ).
In particular, if D1 , D2 , ..., Dk&1 are l-cycles and D=D&1k =D1D2 } } } Dk&1 ,
then r(Di)=l&1 for i=1, 2, ..., k&1, r(Dk)=r(D)=n&c(D) and Ree’s
theorem implies
ln+c(D)+k&2T&1k&1 | . (3)
Ree’s theorem was originally proved by R. Ree in 1971 (see [Re]) using a
formula for the genus of Riemann surfaces. In 1975 W. Feit et al. gave a
direct combinatorial proof (see [Fe]). A third proof (also direct) was given
in 1985 by Y. Dvir (see [DV]).
In addition to the above mentioned Theorem 1, we shall frequently use
the following result from [Be]:
Theorem 5 [Be, Theorem 2]. A permutation D # An , n1, is a product
of two l-cycles in Sn if
e(D)=
|Supp(D)|+c*(D)
2
ln.
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III. CUBES OF CYCLE-CLASSES
In [DV, Chap. 3], Y. Dvir developed a theory dealing with products of
permutations and conjugacy classes in Sn . As mentioned above, he was
able to give a new proof of Ree’s theorem. He also found the ‘‘extended
covering number’’ of An : the least positive integer m=m(n) such that for
every collection [Ki]m1 of non-trivial conjugacy classes of An , 6
m
1 Ki=An .
Finally, he proved a sufficient condition for a class KSn to satisfy
K3=An if KAn , and K3=Sn&An if KSn&An . We will use this condi-
tion (Theorem 6 below) as well as two other results from his paper
(Theorems 8 and 9 below), to characterize the cycle-classes [l, 1n&l],
l odd, such that [l, 1n&l]3=An .
We remind the reader that in this paper [D] always denotes the conjugacy
class of D in Sn (even if D # An).
Theorem 6 [Dv, Theorem 10.2]. Let D # Sn and [D]{[2k] for k>1.
If r(D) 12 (n&1), then [D]
3=An if D # An and [D]3=Sn&An if D is
odd.
Corollary 7. If l n+12 then
[l, 1n&l]3={AnSn&An
if l is odd
if l is even.
We need two more results of Dvir. For this part only we follow Dvir’s
notation. In particular we use 0l instead of [l, 1
n&l] to denote the class
of l-cycles in Sn . When A1 , A2 , ..., Ar are non-empty subsets of Sn ,
(>ri=1 Ai)? denotes the set of all ‘‘transitive products’’ a1a2 } } } ar , where
ai # Ai for 1ir, and the group (a1 , a2 , ..., ar) generated by the permu-
tations ai is transitive on [1, 2, ..., n]. Let D1 , D2 , ..., Dk be conjugacy
classes in Sn .
Theorem 8 [Dv, Theorem 7.5]. 1 # 0n >ki=1 Di if and only if the
following two conditions hold :
(i) r(0n)+ki=1 r(D i)2(n&1) and
(ii) r(0n)+ki=1 r(D i)#0 (mod 2).
Theorem 9 [Dv, Lemma 7.6]. Assume that at least one of D1 , D2 is not
[2k]. Then 1 # (0n&1D1D2)? if and only if the following two conditions hold :
(i) r(0n&1)+r(D1)+r(D2)2(n&1) and
(ii) r(0n&1)+r(D1)+r(D2)#0 (mod 2).
We apply Theorems 8 and 9 in order to prove one more auxiliary result.
91POWERS OF CYCLE-CLASSES
Proposition 10. Let n#2 (mod 4). Then [ n2 , 1
n2]3=An .
Proof. We may assume n6. Clearly [ n2 , 1
n2]/An and [ n2 , 1
n2]{
[2k]. It suffices to show that if C is any class in Sn and C/An , then
1 # D3C, where D=[ n2 , 1
n2]. If r(C) n2+1, then r(C)+r(D)(
n
2+1)+
( n2&1)=n and by Theorem 9 1 # 0n&1 DC. In Sn&1 , let D$=[
n
2, 1
n2&1],
i.e., D less one of its 1-cycles. Then r(0n&1)+r(D$)+r(D$)=2(n&2), so
1 # 0n&1(D$)2 in Sn&1 by Theorem 8. But then 1 # 0n&1D2 in Sn , and
together with 1 # 0n&1DC we conclude that 1 # D3C, as required.
So assume that r(C)< n2+1. By assumption
n
2+1 is even. Since C/An ,
r(C) is also even, so r(C) n2&1. Thus, letting f (C) denote the number of
1-cycles of C, 12 (n& f (C))r(C)
n
2&1 and hence f (C)2. In Sn&2 , let
D"=[ n2 , 1
n2&2] and let C" be the class of all permutations in Sn&2 with
two fewer 1-cycles than C has, but otherwise identical in cycle structure.
Then r(D")= n2&1
1
2 ((n&2)&1) and D"{[2
k], so by Theorem 6
(D")3=An&2 . Since C"/An&2 , 1 # (D")3 C". But then in Sn , 1 # D3C, as
required. K
We are now ready to approach the main problem of this section. First
we prove the necessity of the conditions of Theorem 2.
Lemma 11. Suppose every permutation in An is a product of three l-cycles.
Then l is odd and either W n2 Xln or n=7 and l=3.
Proof. Clearly l must be odd and ln. For n=1, 2 we have l=1 and
for n=3, 4 it is easily seen that l=3, as claimed. Assume, therefore, that
n5. For each congruence class of n (mod 4) we choose a permutation
D # An , with the d.c.d(D) containing at most one cycle of length 3 and
|Supp(D)|=n. In each case, the given bound will be shown to be necessary.
Suppose D=C1C2 C3 , with each Ci an l-cycle, and let G=(C1 , C2 , C3) ,
the group generated by the Ci . If G is transitive, Ree’s inequality (3) gives
lB, where B is the smallest odd integer n+c(D)+13 . This information is
displayed in the following table:
n D c(D) B n2|
4m (12)(34) } } } (n&1 n) 2m 2m+1 2m
4m+1 (12345)(67) } } } (n&1 n) 2m&1 2m+1 2m+1
4m+2 (1234)(56) } } } (n&1 n) 2m 2m+1 2m+1
4m+3 (123)(45) } } } (n&1 n) 2m+1 2m+3 2m+2
In each case BW n2 X, so assume that G is not transitive. Considering the
possible intersections of the three supports of the l-cycles, at least one orbit
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of G must have length l, and thus l must be the length of a cycle of D and
l<n. Since l must be odd, the only cases which arise in the above table
are with n odd. Hence, either n#1 (mod 4) and l=5, or n#3 (mod 4)
and l=3. Because of our choice for D, G cannot have three orbits, so G
must have exactly two orbits and Ree’s inequality (3) gives n3l&c(D)+1.
If l=5 and n#1 (mod 4), then c(D)= n&32 and the inequality yields n11.
Since n>l=5, we conclude that n=9 and l=W n2X, as claimed. If l=3
and n#3 (mod 4), then c(D)= n&12 and the inequality yield n7, so n=7.
The proof of the lemma is complete. K
Theorem 2. Each permutation in An , n1, is a product of three l-cycles
in Sn if and only if l is odd and either W n2Xln or n=7 and l=3.
Proof. By Corollary 7, if l is odd and l n+12 , then [l, 1
n&l]3=An .
Setting n=4m+r with r # [0, 1, 2, 3], it is easy to check that lW n2X
implies l n+12 if l is odd and r=0, 1 or 3. Thus it follows from the opening
observation and Lemma 11 that the theorem is proved, except when n=7
and l=3, or n=4m+2.
When n=4m+2, Proposition 10 implies that [n2 , 1
n2]3=[2m+1, 12m+1]3
=An and since W n2X=2m+1 and here the smallest odd integer n+12 is
2m+3, by the previous paragraph the theorem holds in this case too.
Finally, suppose that n=7. By the previous paragraph (or direct con-
struction) [3, 13]3=A6 , so for the set S of permutations in A7 with at least
one 1-cycle, we have [3, 14]3$S. The other cases are represented by
(123)(45)(67)=(123)(476)(456) and (1234567)=(167)(145)(123), so [3, 14]3
=A7 and the proof is complete. K
IV. FOURTH POWERS OF CYCLE-CLASSES
Our aim in this section is to prove Theorem 3. First we prove a simple
lemma.
Lemma 12. Every permutation in An is the product of four transpositions
if and only if 1<n6.
Proof. Suppose n7 and (1234567)=(x1x2)(x3x4)(x5x6)(x7x8). Since
|[x1 , x2 , x3 , x4 , x5 , x6 , x7 , x8]|7
the right hand side of the above equation contains a disjoint 2-cycle, a
contradiction. So 1<n6 and Lemma 12 follows from
(123)=(23)(13)3, (12)(34)=(12)(34)3, (12345)=(15)(14)(13)(12),
(123)(456)=(23)(13)(56)(46) and (1234)(56)=(14)(13)(12)(56). K
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We are now ready to show that for n7 the conditions of Theorem 3
are necessary.
Lemma 13. Suppose every permutation in An , n7, is the product of four
l-cycles. Then W 3n8 Xln if n1 (mod 8), and w
3n
8 xln if n#1
(mod 8).
Proof. By Lemma 12, we may assume that l3. For each congruence
class of n (mod 8) we choose a permutation D # An , with the d.c.d(D)
containing at most one cycle of length 3 and |Supp(D)|=n. In each case
the given bound will be shown to be necessary. Suppose D=C1C2C3C4 ,
with each Ci an l-cycle, and let G=(C1 , C2 , C3 , C4) , the subgroup of Sn
generated by the Ci , while T is the number of orbits of G.
Considering the possible intersections of the four supports of the l-cycles,
if T3 then at least two of the orbits of G would be of length l, and at least
two of the cycles in the d.c.d(D) would be of length l, contrary to our choices
for D. Thus T2. If T=1, then by Ree’s inequality (3) lW n+c(D)+24 X :=B1 ,
whereas if T=2 Ree’s inequality (3) yields lW n+c(D)4 X :=B2 . We display
this information in the following table:
n D c(D) B1 B2 3n8 | \3n8 
8m (12)(34) } } } (n&1 n) 4m 3m+1 3m 3m 3m
8m+1 (12345)(67) } } } (n&1 n) 4m&1 3m+1 3m 3m+1 3m
8m+2 (1234)(56) } } } (n&1 n) 4m 3m+1 3m+1 3m+1 3m
8m+3 (123)(45) } } } (n&1 n) 4m+1 3m+2 3m+1 3m+2 3m+1
8m+4 (12)(34) } } } (n&1 n) 4m+2 3m+2 3m+2 3m+2 3m+1
8m+5 (12345)(67) } } } (n&1 n) 4m+1 3m+2 3m+2 3m+2 3m+1
8m+6 (1234)(56) } } } (n&1 n) 4m+2 3m+3 3m+2 3m+3 3m+2
8m+7 (123)(45) } } } (n&1 n) 4m+3 3m+3 3m+3 3m+3 3m+2
In case n=8m+1, w 3n8 x=3m=B2 , so whether T=1 or T=2 we obtain
lw 3n8 x, as claimed. If n1 (mod 8), in each case except n#3 or 6
(mod 8) we see that W 3n8 X=B2 and thus lW 3n8 X , again the conclusion
sought. If T=1 and n#3 or 6 (mod 8), then W 3n8 X=B1 and thus lW
3n
8 X ,
as claimed.
Hence we are finished unless T=2 and either n=8m+3 or n=8m+6.
Suppose some orbit of G consists of the support of exactly one l-cycle.
Then l is the length of a cycle in d.c.d.(D) and n2l. When n=8m+3,
our choice of D implies that l=3 and an even permutation on 8m symbols,
consisting of 4m transpositions is now a product of three 3-cycles, in
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contradiction to Theorem 2. Otherwise n=8m+6, l=4 and m1. Thus
an odd permutation on 8m+210 symbols, consisting of exactly 4m+1
transpositions, is the product of three 4-cycles. Since T(G)=2, the sub-
group generated by these three 4-cycles is transitive, and by Ree’s theorem
we have (4m+1)+92(8m+2&1), that is 812m, a contradiction.
Hence each orbit of G consists of the support of exactly two l-cycles. So
D restricts to an even permutation on each of these orbits, since there it is
the product of two l-cycles. Let n0 denote the shortest possible length for
the longest orbit O of G. Since D restricts to an even permutation on O,
if n=8m+3 then O must contain either the symbols of 2m+2 disjoint
transpositions or the symbols of one 3-cycle and 2m transpositions, disjoint
from each other and from the 3-cycle. Thus n04m+3 and by Theorem 1
l\3n04 3m+2=3n8 |
as claimed. Similarly, if n=8m+6, then n04m+4 and
l\3n04 3m+3=3n8 |
and the proof of necessity is completed. K
Theorem 3. Each permutation in An , n2, is a product of four l-cycles
in Sn if and only if :
1. W 3n8 Xln if n1 (mod 8);
2. w 3n8 xln if n#1, 0 (mod 8);
3. n=6 and l=2.
Proof. If l=2 then by Lemma 12 2n6. This establishes case (3),
and since W 3n8 X=2 only for 2n5 and w
3n
8 x=3 for n=9, Theorem 3
holds for l=2 and 2n6. Thus we may assume that n7 and l3.
By Lemma 13 the conditions in (1) and (2) are necessary, so we need
only to show that they are sufficient.
Let n=8k+s, 0s7 and let 3n=4q+r, 0r3. Then q=w 3n4 x and
suppose D # An .
First suppose that q is odd, which corresponds to s=2, 4, 5, or 7. We
know by Theorem 1 that D is the product of two q-cycles and from
Theorem 5 that each of these q-cycles is the product of two l-cycles, for
any l q+12 . Since
3n
8 =
q+1
2 +
r&4
8 , we see that
q+1
2 =W 3n8 X, and lW 3n8 X is
sufficient whenever q is odd, i.e. whenever s=2, 4, 5, or 7.
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Suppose, from now on, that q is even, which corresponds to s=0, 1, 3, 6
and r=0, 3, 1, 2, respectively. Then D is the product of two (q+1)-cycles,
and if l q+22 then D is the product of four l-cycles, again by Theorems
1 and 5. Now 3n8 =
q+2
2 +
r&8
8 , so whenever s=3 or 6, W
3n
8 X=
q+2
2 , and
again lW 3n8 X is sufficient.
It remains to deal with the cases s=0, 1 corresponding to r=0, 3,
respectively. Since if s=0, w 3n8 x=W 3n8 X , we must show that in both cases
lw 3n8 x is sufficient. By inequality (2) in Section II
e(D)=
|Supp D|+c*(D)
2
\3n4 =q.
If e(D)q&1, then again by Theorem 5 D is the product of two (q&1)-
cycles, so D is the product of four l-cycles if l q2 . But
3n
8 =
q
2+
r
8 and we
see that lw 3n8 x is sufficient.
Thus suppose that e(D)=q, so 3n=4q+r=2(|Supp(D)|+c*(D))+r.
Always c*(D) |Supp(D)|2 , so if |Supp(D)|n&1 we obtain 3r and hence
s=1, r=3 and |Supp(D)|=n&1=2c*(D). By Eq. (1) in Section II c(D)
=n&|Supp(D)|+c*(D)=1+c*(D), whence it follows that
[D]=[(1)(23)(45)(67)(89) } } } (n&1 n)], s=1. (a)
We shall return to this case later.
Otherwise |Supp(D)|=n and n=2c*(D)+r. If s=0, then r=0 and
c*(D)= n2 , yielding
[D]=[(12)(34)(56) } } } (n&1 n)], s=0. (b)
If s=1, then r=3, c*(D)= n&32 , |Supp(D)|=n and if u denotes the number
of cycles of D of length 3, then n3u+( n&32 &u)2, yielding 3u. So,
taking into account the fact that D # An , we get the following 3 additional
possible cases, corresponding to u=1, 2 and 3, respectively,
[D]=[(12345)(67)(89) } } } (n&1 n)], s=1, (c)
[D]=[(1234)(567)(89) } } } (n&1 n)], s=1 (d)
and
[D]=[(123)(456)(789)(10 11) } } } (n&1 n)], s=1. (e)
It remains to deal with the 5 possible cases (a) through (e) above. Partition
the set [1, 2, ..., n] into two parts, the last 4k numbers and the remaining
ones. If s=0 or if s=1 and n>9, in each of the 5 possibilities above, D
is an even permutation on each part and thus, by Theorem 1, it can be
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expressed on each part as a product of two l-cycles for lw 3(4k+1)4 x=3k
=w 3n8 x , and our claim follows in these cases. This statement is also true if
n=9 and one of the cases (a) or (c) holds. So it remains to prove the
sufficiency of lw 3 } 98 x=3 for [D]=[(1234)(567)(89)] and [D]=
[(123)(456)(789)], i.e., to prove that
[2, 3, 4] _ [33][l, 19&l]4 for l3.
By Theorem 2, [2, 4][3, 13]3, whence
[2, 3, 4][2, 4, 13][3, 16][3, 16]3 [3, 16]=[3, 16]4.
By Theorem 1, [3, 16] _ [2, 4, 13][l, 19&l]2 for l4, yielding
[2, 3, 4][2, 4, 13][3, 16][l, 19&l]4 for l4.
Thus [2, 3, 4][l, 19&l]4 for l3, as claimed.
Finally, [32, 13][3, 16]2 and by Theorem 1, [32, 13][l, 19&l]2 for
l4, so [32, 13][l, 19&l]2 for l3. Clearly [3, 16][3, 16]2, which
together with Theorem 1 yields [3, 16][l, 19&l]2 for l3. We may
now conclude that
[33][32, 13][3, 16][l, 19&l]4 for l3
thus completing the proof of the theorem. K
V. ON LENGTHENING CYCLES
We now prove Proposition 15 mentioned in the Introduction. First we
need a preliminary lemma.
Lemma 14. Let Sn act on 0 and let R be an r-cycle in Sn and S be an
s-cycle in Sn . Suppose that 2srn&1. Then there exist an (r+1)-cycle
R$ in Sn and an (s+1)-cycle S$ in Sn such that: RS=R$S$.
Proof. Let R=(a1 } } } ar) and S=(b1 } } } bs). We distinguish between
two complementary cases.
Suppose, first, that Supp S3 Supp R. Then there exist ai  Supp S and
bj  Supp R. We may adjust notation so that: ar  Supp S and b1  Supp R.
Then
RS=R(b1 ar)(b1ar) S=(a1 } } } arb1)(b1 } } } bsar)=R$S$
with |Supp R$|=r+1 and |Supp S$|=s+1, as required.
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Suppose, next, that Supp SSupp R. Adjust notation so that b1=ar . As
r<n, there exists x # 0&Supp R and
RS=R(xar)(b1x) S=(a1 } } } arx)(b1 } } } bsx)=R$S$
with |Supp R$|=r+1 and |Supp S$|=s+1, as required. K
Proposition 15. Let l, k, n be integers, where 2k, 4n and if k is
even then 2ln&1, while if k is odd, then 2ln&2. Suppose that
An=[l, 1n&l]k. Then An=[l+1, 1n&l&1]k if k is even, while An=
[l+2, 1n&l&2]k if k is odd.
Proof. Suppose, first, that k is even and consider
?=(C1 C2)(C3C4) } } } (Ck&1Ck) # An ,
where the Ci are all l-cycles. Then, by Lemma 14, we get
?=(C$1C$2)(C$3C$4) } } } (C$k&1C$k),
where the C$i are all (l+1)-cycles. It follows that An=[l+1, 1n&l&1]k, as
claimed.
Suppose, next, that k is odd and consider
?=(C1C2)(C3C4) } } } (Ck&2Ck&1) Ck # An ,
where the Ci are all l-cycles. By the lemma we get
?=(C$1C$2)(C$3 C$4) } } } (C$k&2C$k&1) Ck
=C$1(C$2C$3)(C$4C$5) } } } (C$k&3 C$k&2)(C$k&1Ck),
where the C$i are all (l+1)-cycles. As l+1<n, we may apply Lemma 14
again to the couples at the bottom line, obtaining
?=C$1(C"2 C"3)(C"4C"5) } } } (C"k&3 C"k&2)(C"k&1C$k)
=(C$1 C$k)(C$k)&1 [C"2C"3 C"4C"5 } } } C"k&2C"k&1] C$k ,
where the Ci" are all (l+2)-cycles and C$k is an (l+1)-cycle. Applying the
Lemma once more to (C$1C$k) at the bottom line, we obtain
?=(C"1C"k)(D2D3D4 } } } Dk&2 Dk&1),
where C"1 and C"k are (l+2)-cycles and the Di , being equal to
(C$k)&1 Ci"C$k , are also (l+2)-cycles. It follows that An=[l+2, 1n&l&2]k
as claimed. K
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